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Abstract
In this paper it is shown that in the class of labeled graphs of order n the proportion of
h-connected graphs (h¿ 2) of diameter equal to k, is equal to: (i) (0:75 + o(1))n for k = 3;
(ii) (2−h−2+2−2+o(1))n for k=4, and (iii) ((2h+1−1)2−kh+3h−2+o(1))n for every k¿ 5. This ex-
tends a result by the author (Discrete Math. 156 (1996) 219–228) on the number of graphs of or-
der n and diameter equal to k (the case h=1). c© 2002 Elsevier Science B.V. All rights reserved.
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1. Denitions and preliminary results
All graphs in this paper are %nite, undirected, labeled, without loops or parallel
edges. Let d(x) denote the degree of a vertex x. The distance d(x; y) between vertices
x and y of a connected graph G is the length of a shortest path between them. The
eccentricity of a vertex x is ecc(x)= maxy∈V (G) d(x; y). The diameter of G, denoted
d(G), is equal to maxx∈V (G) ecc(x)= maxx;y∈V (G) d(x; y) if G is connected and ∞
otherwise.
The connectivity (G) of a graph G is the minimum number of vertices whose
removal results in a disconnected or trivial graph. A graph G is said to be h-connected
if (G)¿h. A connected graph is also said to be 1-connected. Let V = {1; : : : ; n},
let Kn be the complete graph on V , and for h¿1, let G(n; h; d= k), G(n; h; d¿k),
resp., denote the number of h-connected subgraphs of Kn having diameter d(G)= k
and d(G)¿k, respectively.
The following estimation was deduced in [2]:
E-mail address: ioan@math.math.unibuc.ro (I. Tomescu).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0012 -365X(01)00458 -7
280 I. Tomescu /Discrete Mathematics 252 (2002) 279–285
Theorem 1.1. For every /xed k¿3 we have
G(n; 1; d= k)= 2(
n
2 )(3 · 2−k+1 + o(1))n:
By counting subsets of at least h elements in a set of size p we get:
Lemma 1.2. The number of bipartite graphs G whose partite sets are A, B (A∩B= ∅;
|A|=p; |B|= q) such that d(x)¿h¿1 for every x∈B is equal to(
2p −
(
p
0
)
−
(
p
1
)
− · · ·−
(
p
h−1
))q
and this number is asymptotically equal to 2pq if h is /xed and p→∞.
For h=1 this result coincides with Lemma 2 of [2].
If limn→∞ f(n)=g(n)= 1 we write f(n) ∼ g(n), or f(n)= g(n)(1 + o(1)). We say
that almost all graphs have a property P when the ratio between the number of labeled
graphs of order n possessing P and the number of all labeled graphs of order n, i.e.
2(
n
2 ), approaches 1 as n→∞.
It is well known that for a %xed integer h¿1 almost all graphs are h-connected and
have diameter 2 [1, p. 131]. Hence G(n; h; d=2) ∼ 2( n2 ).
For h¿2 we deduce an asymptotic formula for the numbers G(n; h; d= k) for every
%xed k¿3 as n→∞. This is done in Section 3. In order to obtain our results, it
is necessary to develop some properties of arithmetic functions which might be of
independent interest. This is the goal of our next section.
2. Some extremal properties of an arithmetical function
In order to deduce in the next section an upper bound for the number of h-connected
graphs of diameter k, we need an asymptotic evaluation of the maximum of the fol-
lowing arithmetical function: for k¿4 let
f(n; h; n1; : : : ; nk)=
(
n
n1; : : : ; nk
)
2
∑k
i=1(
ni
2 )
k−1∏
i=1
(2ni − 1)ni+1 ;
where n1+ · · ·+nk = n, ni¿h for every 16 i6k−1 and nk¿1. Further, let
f(n; h; k)= max
D
f(n; h; n1; : : : ; nk);
where D is de%ned by the conditions just stated.
Theorem 2.1. We have
f(n; h; 4)=2(
n
2 )(2−h−1+2−1 + o(1))n (1)
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for every h¿2;
f(n; h; k)= 2(
n
2 )((2h+1−1)2−kh+3h−1 + o(1))n (2)
for every h¿2 and k¿5.
Notice that (2) also holds for h=1 [2]. The lengthy proof of this theorem, which
has some common points with that in the case h=1, will be omitted here (a detailed
proof appeared in [3]). The proof gives the following characterization of the systems
(n1; : : : ; nk) that maximize f(n; h; n1; : : : ; nk).
For k¿5, f(n; h; k)=f(n; h; h; : : : ; h; 0; 0; h; : : : ; h; 1), where
0(n; h; k)= (n−kh+3h) 2
h−1
2h+1−1−
and
0(n; h; k)= (n−kh+3h) 2
h
2h+1−1−1+; (3)
where 0661.
For k =4, f(n; h; n1; : : : ; n4) can be maximum only if n1 = 1(n; h; 4), n2 = 1(n; h; 4),
n3 = h and n4 = 1, where
1(n; h; 4)= (n−h) 12h+1−
and
1(n; h; 4)= (n−h) 2
h
2h+1
−1+; (4)
where 0661.
3. Main results
We will deduce an estimation for G(n; h; d= k) for every %xed h¿2 and k¿3 by
considering %rst the case k =3, when this does not depend on h.
Theorem 3.1. If h¿1, then
G(n; h; d=3)=2(
n
2 )( 34 + o(1))
n:
Proof. For h=1 this property was shown in [2]. If G(n;d¿k) denotes the number
of graphs G of order n and diameter d(G)¿k, from the proof of Lemma 3 of [2] it
follows that
G(n;d¿4)¡
(
n
2
)
2(
n−2
2 )(2n−2+2 · 5n−2)= 2( n2 )( 58 + o(1))n:
282 I. Tomescu /Discrete Mathematics 252 (2002) 279–285
Because G(n; h; d¿4)6G(n;d¿4) it follows that
G(n; h; d¿4)¡2(
n
2 )( 58 + o(1))
n: (5)
By letting A(k)ij , respectively, H
(k)
ij , be the set of graphs (respectively of h-connected
graphs) with vertex set {1; : : : ; n} such that the distance between vertices i and j is at
least k, we deduce that
|H (3)ij |6 |A(3)ij |=2(
n−2
2 )3n−2:
Let G(n; h) be the number of h-connected graphs of order n and let
’(n)=
(
n
n=3
)(
n−n=3
n=3
)
=3n(1 + o(1))n:
By Stirling’s formula we get
|H (3)ij |¿G(n−2; h)’(n−2)=2(
n−2
2 )(3 + o(1))n=2(
n
2 )( 34 + o(1))
n
since G(n−2; h) ∼ 2( n−22 ) and a large subset of H (3)ij can be constructed as follows.
Consider an h-connected graph F on vertex set {1; : : : ; n}\{i; j}, and non-
adjacent vertices i and j such that the sets of neighbors N (i), N (j)⊂V (F) satisfy
|N (i)|= |N (j)|=n=3 and N (i)∩N (j)= ∅. It is clear that the graph G obtained
in this way is h-connected as n¿3h and d(i; j)¿3. The number of graphs generated
in this way is G(n−2; h)’(n−2). Consequently,
|H (3)ij |=2(
n
2 )( 34 + o(1))
n
for every 16 i; j6n and i = j. Since G(n; h; d¿3)= |⋃16i¡j6n H (3)ij | and
|H (3)i0j0 |6
∣∣∣∣∣∣
⋃
16i¡j6n
H (3)ij
∣∣∣∣∣∣6
(
n
2
)
|H (3)i0j0 |;
one deduces that
G(n; h; d¿3)=2(
n
2 )( 34 + o(1))
n: (6)
But G(n; h; d=3)=G(n; h; d¿3)−G(n; h; d¿4) and the result follows from (5)
and (6).
Theorem 3.2. For every /xed h¿2,
G(n; h; d=4)=2(
n
2 )(2−h−2+2−2 + o(1))n:
For every /xed h¿1 and k¿5,
G(n; h; d= k)= 2(
n
2 )((2h+1−1)2−kh+3h−2 + o(1))n:
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Proof. For h=1 and k¿5 this equality was proved in [2]. Let h¿2 and k¿4 and
let G be an h-connected graph of order n. Let Vi(x)= {y|y∈V (G) and d(x; y)= i}
for 16 i6k. Then V1(x)∪ · · · ∪Vk(x) is a partition of V (G)\{x} for every vertex
x∈V (G) having ecc(x)= k. We deduce that x is adjacent to all vertices of V1(x), and
for every 26 i6k each vertex z∈Vi(x) is the extremity of an edge zt,
where t∈Vi−1(x). Also the h-connectedness of G implies that |Vi(x)|¿h for every
i=1; : : : ; k−1. By Lemma 1.2 (the case h=1) one obtains
|{G|G is h-connected; V (G)= {1; : : : ; n} and ecc(x)= k}|
6
∑
n1+···+nk=n−1
n1 ;:::; nk−1¿h; nk¿1
(
n−1
n1; : : : ; nk
)
2
∑k
i=1(
ni
2 )
k−1∏
i=1
(2ni−1)ni+1 :
Denoting the right-hand side of this inequality by "(n; h; k), we %nd that
"(n; k; h)6
(
n−2
k−1
)
max
D
f(n−1; h; n1; : : : ; nk)=
(
n−2
k−1
)
f(n−1; h; k):
By Theorem 2.1 we get G(n; h; d=k)6 |⋃x∈V (G){G|G is h-connected, V (G)={1; : : : ; n}
and ecc(x)= k}|6n( n−2k−1 )f(n−1; h; k) and this expression equals 2(
n
2 )(2−h−2+2−2+
o(1))n for k =4 and 2(
n
2 )((2h+1−1)2−kh+3h−2 + o(1))n for k¿5.
In order to produce a suitable lower bound for G(n; h; d= k) in the case k¿5 we
shall obtain a large class of h-connected graphs of order n and diameter equal to k.
Let x∈{1; : : : ; n} be a %xed vertex and X1 ∪X2 ∪ · · · ∪Xk be a partition of
{1; : : : ; n} \{x} such that |X1|= |X2|= · · · = |Xk−4|= h, |Xk−3|= 0, |Xk−2|= 0, |Xk−1|
= h, |Xk |=1, where 0 = 0(n−1; h; k) and 0 = 0(n−1; h; k) are given by (3).
Now x is joined with all vertices of X1, the unique vertex of Xk is joined with all
vertices of Xk−1, each of X1; X2; : : : ; Xk−4; Xk−1 induces a complete graph Kh and be-
tween every pair of subsets (Xi; Xi+1) for 16 i6k − 5 there exist all h2 possible
edges. The subgraphs induced by Xk−3 and Xk−2 are h-connected and they have di-
ameter equal to 2. The edge set between Xk−4 and Xk−3 contains a matching joining
h distinct vertices of Xk−4 with h distinct vertices of Xk−3; the other 0−h vertices of
Xk−3 are joined with vertices of Xk−4 such that every such vertex is an extremity of at
least one edge. Every vertex of Xk−2 is the extremity of at least h edges joining them
with vertices of Xk−3; %nally, every vertex of Xk−1 is adjacent with at least h vertices
in Xk−2.
Note that the following two operations always produce h-connected graphs:
(i) take an h-connected graph H , a vertex x =∈V (H) and join x by edges with at least
h distinct vertices in H ;
(ii) take two vertex-disjoint h-connected graphs E and F and connect them by h edges
of a matching which joins h distinct vertices in E with h distinct vertices in F .
It follows that if G denotes a layered graph produced by the algorithm described
above then it is h-connected. Also, we have |V (G)|= n, d(G)= k (since k¿4) and
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ecc(x)= k. The number of such graphs for %xed k and x is equal at least to(
n−1
0
)( n−1−0
0
)
G(0; h; d=2)G(0; h; d=2)
(
20−
(
0
0
)
− · · ·−
(
0
h−1
))0
(
20−
(
0
0
)
− · · ·−
(
0
h−1
))h
(2h−1)0−h
by Lemma 1.2. Since G(; h; d=2) ∼ 2( 2 ) as →∞, this expression is asymptotically
equal to(
n−1
0
)(
n−1−0
0
)
2(
0
2 )+(
0
2 )+00+0h(2h−1)0−h
=f(n−1; h; k)(1 + o(1))n=2( n2 )((2h+1−1)2−kh+3h−2 + o(1))n:
This implies
G(n; h; d= k)¿2(
n
2 )((2h+1−1)2−kh+3h−2 + o(1))n
and the proof is complete in this case.
If k =4 we shall perform the following construction: we consider a partition of
{1; : : : ; n}\{x}: X1 ∪X2 ∪X3 ∪X4 such that |X1|= 1(n−1; h; 4), |X2|= 1(n−1; h; 4)
(given by (4)), X3 = {x31 ; : : : ; x3h}, and X4 = {w}. Choose an h-element subset
Yi = {xi1; : : : ; xih}⊂Xi for i=1; 2. The edge set of the graphs generated in this way
will include all edges x1j x
2
j and x
2
j x
3
j for every j, 16j6h; x is adjacent to all
vertices in X1, w is adjacent to all vertices of X3, every vertex of Xi is the extremity
of at least one edge joining it with vertices of Xi−1 for i=2; 3. As for the case
k¿5, the subgraphs induced by X1 and X2 are h-connected, they have diameter equal
to 2 and the subgraph induced by X3 is complete. If G denotes a graph produced
by this procedure (their set is denoted G) then it has order n and is h-connected.
Also we have d(x; w)= 4; d(u; v)64 for every u; v∈V (G) unless u∈X1 and v=w
(or vice versa) when we have only d(u; w)65. If G∈G has d(G)= 5 we de%ne the
graph ’(G) deduced from G by deleting the edges joining w to vertices of X3 and
replacing them by the edges joining w to the h vertices of Y2⊂X2. We have
d’(G)(x; w)= 3. If u∈X1 has dG(u; w)= 5 then dG(u; Y2)= 3, which implies
d’(G)(u; w)= 4, hence ’(G) has diameter equal to 4. If we %x the vertex w in X4, the
ordered partition X1 ∪X2 ∪X3 can be generated in(
n−2
1
)(
n−2−1
1
)
=
(n−1)!
1!1!
(1 + o(1))n
ways. In this case ’ is injective and for every F;G∈G we have ’(G) =F since
dF(x; w)= 4 but d’(G)(x; w)= 3:
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Consequently, we can generate a class consisting of |G| h-connected graphs of order
n and diameter equal to 4 as follows: we choose a graph G∈G if d(G)= 4; otherwise,
we choose the graph ’(G). Since every vertex xij can be joined by edges to vertices
in Xi−1\{xi−1j } in 2i−1−1 ways for every 16j6h and i=2; 3, where i−1 = |Xi−1|,
it follows that the number of graphs obtained in this way is equal to
|G|= (n−1)!
1!1!
G(1; h; d=2)G(1; h; d=2)(21−1)1−h2(1−1)h2(1−1)h(1 + o(1))n
=f(n−1; h; 4)(1 + o(1))n=2( n2 )(2−h−2+2−2 + o(1))n:
Since for k¿4 all graphs G used to justify the lower bound in the proof of the
Theorem 3.2 have connectivity (G)= h, it follows that the asymptotic formulas given
by this theorem are also valid for the number of labeled graphs of order n, connectivity
(G)= h and diameter d(G)= k¿4.
Corollary 3.3. For every /xed h¿1 and k¿2 we have
lim
n→∞
G(n; h; d= k)
G(n; h; d= k+1)
=∞:
Corollary 3.4. For every /xed h¿1 and k¿4,
lim
n→∞
G(n; h; d= k)
G(n; h+1; d= k)
=∞:
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